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The mechanisms behind bio-inspired propulsion could offer more actuation design strategies for the 
design of underwater propulsive systems. Recent research has revealed the performance benefit of 
intermittent swimming comparing to continuous swimming in underwater propulsion. In the current study, 
we continue our effort on computational analysis of wake structures and performance of a self-propelled 
hydrofoil under different types of flapping waveforms in viscous flows. An in-house immersed-boundary-
method-based flow solver is used to measure the foil performance and associated wake structures. The results 
indicate that the wake structures of the self-propelled hydrofoils are significantly different from that found in 
continuous swimming and among different flapping waveforms, which could result in different 
hydrodynamic performance. Understanding the physics behind the hydrodynamic performance and vortex 
dynamics may help people to design better bio-inspired underwater vehicle with better swimming strategy. 
 

Nomenclature 
 

    Pitching angle 

U    Time-averaged swimming speed 

T     Time-averaged thrust 

P     Time-averaged power 

T
C    Coefficient of thrust 

CoT    Cost of transport 
CoT    Normalized cost of transport 

I. Introduction 
 
To generate thrust and effectively move in water, aquatic animals have evolved a wide diversity of propulsive 

mechanisms both in continuous or burst-and-coast locomotion. Numerous studies and models have suggested that 
those underwater propulsion systems can save as much as 50% of their energy by adopting the burst-and-coast 
swimming [1-6].  Recently, the inviscid and viscous energy saving mechanisms of coasting phase between bursting 
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cycles have been studied using a 2D pitching foil undergoing sinusoidal pitching motion[7]. It is found that the 
overall performance could be potentially improved for the hydrofoil when using the intermittent swimming strategy. 
Results have also shown the connection between the foil performance and complex wake structures in viscous flows. 
In the current study, we further study the hydrodynamics of a 2D pitching foil using different types of the wave 
forms for burst-and-coast free swimming. Quantitative measurement of foil performance including propulsion force 
and cost of transportation ( CoT ) and associated wake structures in all complexity are conducted by using an 
immersed-boundary-method-based in-house CFD solver[8]. From a fundamental point-of-view, it would be useful 
to analyze the wake dynamics for non-continuous flapping foils vis-a-vis what is known regarding continuous 
flapping motion.  

II. Governing Equation and Numerical Method   
 
The equations solved are the incompressible Navier-Stokes equations, written in indicial form as 
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where the indices, i = 1,2,3, represent the x, y and z directions, respectively; p is pressure, u is velocity. The 
equations are non-dimensionalized with the appropriate length and velocity scales where Re represents the Reynolds 
number. 
  A finite-difference based Cartesian grid immersed boundary solver [8] has been developed which allows us to 
simulate flows with complex immersed 3-D moving bodies. The key feature of this method is that simulations with 
complex boundaries can be carried out on stationary non-body conformal Cartesian grids and this eliminates the 
need for complicated re-meshing algorithms that are usually employed with conventional Lagrangian body-
conformal methods. The Eulerian form of the Navier-Stokes equations is discretized on a Cartesian mesh and 
boundary conditions on the immersed boundary are imposed through a “ghost-cell” procedure[8,9]. The method also 
employs a second-order center-difference scheme in space and a second-order accurate fractional-step method for 
time advancement. The code has been verified and applied in many flow-structure interaction problems [10-16]. 

III. Configuration and Simulation Results 
 In this section, firstly the foil configuration and modeling approach are discussed, then a sequence of numerical 
simulations are shown to explore the hydrodynamic performance of burst-and-coast pitching. Following these work, 
the effects of pitching angle shape, and duty cycle period on the foil performance will be examined. 

A. Foil Configuration and Kinematics 
 The configuration of this study is shown in Fig. 1. It includes a 2-D pitching foil, which oscillates in the burst 
phase in a given motion and then keeps pitching angle 0° in the coast phase. The applied pitching angle shapes vary 
from triangular shape to step shape. Similar to Akoz et al.[7], Dong et al.[17], Buren et al.[18] and Berman & 
Wang[19], for the burst pitching motion of the leading edge of the hydrofoil, the triangular pitching angle shape is 
defined as  

  0( ) ( ) arcsin sin 2 ,
arcsin

s
t y t K ft

K


           (2) 

where 0 1K  is a constant in each case. When 0K  , it becomes sinusoidal; when 1K  , it is triangular 
waveform. To mimic the step motion, a hyperbolic function is applied 

  0( ) ( ) tanh sin 2 ,
tanh

s
t y t C ft

C





           (3) 

when Cη = 0,  is sinusoidal; when Cη goes to infinity, ( )t tends to be a step function. In Eq. (2) and Eq. (3), 

( )
s

y t is a function for smooth connection  

   tanh tanh ( 1) , 1
( )

1, 1
s

kt k t DC
y t

DC

  








        (4) 

In the above equations, 
0

 is the maximum pitching angle, f is the oscillation frequency, and t is the time. In the 
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current work, 1f  , 30k  ,
0

15   . 

 

 

(a) (b) 
Figure 1. Geometry and pitching motion for the hydrofoil. A hydrofoil undergoing pitching motion (a), and 
pitching angle waveform defined in burst and coast phases, respectively (b).

Unit length is used for the chord length. The maximum thickness of the airfoil is set to be10% of its chord length. 
The ratio of bursting to coasting is controlled by the duty cycle parameter, 

 

  

burst period
DC

total cycle period
              (5)  

The foil is pitched with respect to its leading edge. The total period of motion includes a burst phase and a coast 
phase. The burst phase can be any one pitching motion as described by Eq. (2) or Eq. (3). In the following coast 
phase, the pitching angle is fixed as θ = 0°. The total cycle period equals the burst period plus the coast period. In 
current study, DC = 0.5 and 1.0 are chosen, that means the burst phase and coast phase take same period and 
continuous swimming, respectively.  

The simulations are set to be free swimming in x direction and fixed in y direction. After started running, the 

simulations will take some time to reach steady state, then the mean velocity U  can be calculated; the mean thrust 

T can be calculated by integrating pressure forces; the mean power P  can be calculated from the force vector and 
velocity vector of each boundary element. Following Akoz et al.[7], the cost of transport is defined as  

,
P

CoT
mU

                  (6) 

the thrust coefficient is defined as  

2
,

0.5
T

p

T
C

S U
               (7) 

and the power coefficient is defined as 

3
.

0.5
P

p

P
C

S U
               (8) 

Here
p

S is the propulsor surface area. The efficiency is defined as: 

T

P

C

C
                   (9)  

B. Numerical setup and parameters 
 

In this study, the non-dimensional parameters of Reynolds number and Strouhal number are defined as 
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, ,
U U

Uc fA
Re St

U
               (10) 

where denotes the kinematic viscosity. 02 sinA c   stands for the peak-to-peak amplitude of the trailing edge of 

the foil.  

In the numerical setup, applying a standard referencing velocity 1
ref

U  . 
ref

Re and
ref

St are given accordingly to 

determine  and f . Error! Reference source not found.I provides a summary of all the parameters involved in 

this study and their ranges.  

Table I. Parameters involved in the current study and their ranges 

refRe  
refSt  DC θ0 Triangular Wave Sinusoidal Wave Step Wave 

2500 0.518 0.5, 1.0 15° K=0.95 K=0 C=1, 2, 3 

Validation of the code on plate flapping can be found in previous works [20] . For this particular simulation of 
flapping foil undergoing burst-and-coast motion, comprehensive grid and domain size independence studies have 
also been conducted. Based on these studies, a Cartesian grid with a domain size of 30c 12c and a grid size of 
2721 289 have been chosen for all 2-D simulations. The zero-gradient boundary condition is applied to allow the 
convection of the vortices at all boundaries without significant reflection. The homogeneous Neumann boundary 
condition is used for the pressure at all boundaries. The no-slip boundary condition is applied to the surface of the 
foil.  

C. Simulation Results  

Performance Comparison  

Firstly, simulations are performed with fixed DC , fixed 0 , and changing pitching angle waveforms. One 

triangular waveform with 0.95K  , one sinusoidal waveform, and three step waveforms with Cη = 1, 2, 3 are 

applied. There are obvious differences among the gradients of  ( ) at 0.25T of these cases, as shown in Table II. 

For those intermittent swimming cases, the triangular waveform has the minimum , and then, sinusoidal waveform. 

All these three step waveforms are characterized with large , which increases with C . And when 3C  , a as 

large as 4.959 can be achieved. 

Table II. Angular velocity of pitching foil at 0.25T for intermittent swimming with different waveforms 

Waveform Sinusoidal 

Continuous 

Triangular 

K = 0.95 

Sinusoidal Step 

Cη = 1 

Step 

Cη = 2 

Step 

Cη = 3 

  (rad/
burstT ) N/A 1.247 1.646 2.160 3.412 4.959 

Table III shows the comparison of simulation results with different waveforms. Corresponding plots can be 

found in Figure 2. It can be found that, bothU with respect to , and CoT with respect to U , have a quasilinear 

relationship. With fixed DC and fixed 0 , when   increases, the mean velocity will also increase, accompanied 

with an increasing CoT , which implies lower efficiency. Comparing to the continuous case (sinusoidal waveform 

without coasting period), triangular and sinusoidal waveform cases, as well as step waveform case with 1C

 , 

consume less power to move the same distance with the continuous case, while they may take a longer time. In all 
these cases, the triangular waveform case has the lowestCoT , which is about half of the continuous case, though 
the mean velocity is decreased by about 19%. For the sinusoidal waveform case, compared with the continuous case, 
18% decrease in mean velocity can be found, while the CoT  is decreased by about 38%.  It is found that the 
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swimmer here can get a large energy benefit by sacrificing a little bit mean velocity. For the intermittent swimming 
here to reach the same mean velocity with the continuous case, the burst-coast waveform should be step with Cη 

which is close to 2, and in this situation, the CoT will be increased significantly. This part shows that, by using 
triangular or sinusoidal waveform intermittent swimming, with deliberate burst-coast arrangement, swimmers can 
reach a similar mean velocity while using much less energy, when compared with sinusoidal continuous swimming. 

Table III. Comparison of time-averaged hydrodynamic performances with different waveforms 

Waveform Sinusoidal 

Continuous 

Triangular 

K = 0.95 

Sinusoidal Step 

Cη = 1 

Step 

Cη = 2 

Step 

Cη = 3 

U ( / burstc T ) 2.487 2.005 2.037 2.104 2.416 2.723 

CoT  2.09 0.986 1.3 1.76 3.13 5.22 

 

       
(a)                                                                                      (b)

Figure 2: Change of time-averaged swimming velocity U  (a) and cost of transport CoT  (b) with different 
waveforms. 

| / 0.25S t T 
 denotes the angular velocity of the pitching foil at 0.25T in sinusoidal intermittent 

swimming. 

Wake Dynamics 
The wake structures generated by the free-swimming pitching foil at are analyzed in this section. The effect of 

duty cycle (DC) and waveform on the formation of the vortex wake are studied, respectively. 
Figure 3 illustrates the comparison of instantaneous wake structures between continuous sinusoidal wave and 

intermittent sinusoidal wave at DC = 0.5. Three snapshots of the fluid field were taken at 0.0T (Fig. 3a and 3b), 0.5T 
(Fig. 3c and 3d), and 1.0T (Fig. 3e and 3f) of the second period of the free swimming for both the continuous and 
the intermittent swimming cases, respectively. For the continuous swimming, the three timings correspond to the 
start of the first flapping cycle (0.0T), the end of the first fapping cycle (0.5T), and the end of the second flapping 
cycle (1.0T), respectively, while for the intermittent swimming with DC = 0.5, they correspond to the start of the 
burst stage (0.0T), the end of burst stage (0.5T), and the end of coast stage (1.0T), respectively. The vortices in the 
wake are categorized based on the stage when the vortices are shed from the foil. For the continuous swimming, the 
vortices are grouped by flapping cycles (first and second) and swimming periods (previous and current). For 
example, the group of vortices shed during the first flapping cycle of the current swimming period T is denoted as 
FC. For the intermittent swimming with DC = 0.5, the vortices are categorized by swimming gaits (burst and coast) 
and swimming periods (previous and current). For example, the group of vortices shed during the coast stage of the 
previous period is denoted as CC. It is found at the three time of the continuous swimming (Fig. 3a, 3c, and 3e), the 
vortex structures generated in the vicinity of the foil are almost identical, which is due to the periodic flapping 
motions. Moreover, after these near-field vortices are shed from the foil, their corresponding wake groups SP, FC 
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and CS are also highly similar. As SP develops, two major vortex pairs (P1 and P2) with vorticity of opposite signs 
between pairs and same sign within pairs are formed associated with minor vortex pairs. The domain area taken by 
SP also expends significantly as it develops. For FC, highly similar pattern as SP is observed in the development and 
expending of the vortex group. As a result, four major vortex pairs (P1, P2, P3, and P4) is generated in the wake of a 
continuous swimming foil during two consecutive flapping cycles. For the intermittent swimming (Fig. 3b, 3d, and 
3f), since the two consecutive swimming stages (burst and coast) are no long the same, the near-field vortices are 
significantly different at the end of the two stages (e.g., 0.0T and 0.5T). For the same reason, the vortex wake shed 
during the two stages are also different. It is found during the coast stages (CP and CC), only one major single (S1) 
is formed associated with minor vortices. However, during the burst stage, two major vortex pairs (P2 and P3) are 
formed associated with one major single vortex (S2). The signs of vorticity are opposite within P2 and are the same 
within P3. As a result, two major vortex pairs (P1 and P2) and two major single vortices (S1 and S2) are generated 
in the wake of an intermittent swimming foil during the two-consecutive burst and coast stages. The domain area of 
the wake generated within one complete swimming period of the intermittent swimming is smaller than that in the 
continuous swimming. For the comparison, it is obvious that the foil under continuous swimming gait travels faster 
than that in the intermittent swimming. 

(a)                                                                                             (b) 

(c)                                                                                             (d) 

(e)                                                                                            (f) 
Figure 3: Comparison of wake structures between continuous (a, c, and e) and intermittent (b, d, and f) 
swimming with DC = 0.5 at t/T = 0, 0.5, and 1.0, respectively, during the second swimming period. The vortex 
structures are indicated by vorticity ωZ. 
 

Figure 4 illustrates the comparison of instantaneous wake structures between different waveforms in intermittent 
sinusoidal wave at DC = 0.5. The vortex wake generated during the current swimming period is bounded with 
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dished line. The topology of vortex wake of triangular waveform (TW) and sinusoidal wave (SW) share similar 
pattern. The TW wake contains four vortex pairs (P1, P2, P3, and P4) and a single vortex (S2) with an overall 
chronology pattern of PSPPP, while the SW wake contains three vortex pairs (P1, P2, and P3) and two single 
vortices (S1 and S2) with an overall pattern of PSPSP in chronological order. The vortex wake of the step waveform 
(ST) shows significant difference from the TW and SW wakes. It is obvious that the ST wake extends to a longer 
domain and results in stronger vortices than that of TW and SW. Moreover, the ST wake contains two pairs of 
counter-rotating vortices (P3 and P4) during the coast stage, one more pair than that of TW and SW, making the 
overall pattern to be SSPPP. 

(a)                                                            (b)                                                             (c) 
Figure 4: Comparison of wake structures between different waveforms (a: triangular wave with K = 0.95, b: 
sinusoidal wave, and c: step wave with Cη = 1) in intermittent swimming with DC = 0.5 at t/T = 1.0, 
respectively, during the second swimming period. 
 

IV. Summary 
In this paper, numerical simulations of a 2D pitching foil with different waveforms in continuous and 

intermittent swimming have been conducted using an immersed boundary solver. It is found the continuous 
swimming gait can achieve a higher swimming speed while consume more energy per distance traveled than that of 
the intermittent swimming in sinusoidal waveform. By comparing different swimming waveforms in intermittent 
swimming, it is found the triangular waveform has the advantage of less energy consumption at a lower speed than 
that of the sinusoidal waveform. On the country, the step waveform can achieve higher swimming speed, but costs 
more energy per distance traveled than that in the sinusoidal waveform. Significant difference in vortex pattern and 
strength is found between the wake structure of the continuous and intermittent swimming foil as well as 
intermittent swimming with different waveforms. Understanding the physics behind the hydrodynamic performance 
and vortex dynamics may help people to design better bio-inspired underwater vehicle with better swimming 
strategy. 
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