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ABSTRACT

We presenta systematicconstructionof a classof high-

rate, well-structuredlow density parity check (LDPC)

codeshasedon combinatorialdesigns. We show that the
proposed(2p, p?, p, 2, {0, 1})-designresultsin a classof

(2, p)-regular LDPC codes,which are systematic,quasi-
cyclic, free of length-4andlength-6cycles,lineartime en-
codableanddecodableandwhich have high coderatesof

R=(1- %)2. Analysisfrom the maximumlik elihoodper

spectve shaws thatthe distancespectrumof the proposed
LDPC codesare betterthan that of the Gallagerensem-
ble codesfor the samecodelength and rate. The pro-

posedcodesare then appliedto several inter-symbolin-

terferencechannelswhere2 high coderatesand 3 block

sizesfrom shortto mediumnare evaluated. For bestper

formancegain, thei.i.d. capacityis computedto choose
the bestprecoderanditerative decodingand equalization
is performedThe proposed_DPC codesdemonstrat@er

formancethat is slightly (but noticeably)betterthan an

averagerandomLDPC codeof columnweight 3. Unlike

randomcodeswell-structured_.DPC codescanlendthem-
selesto a very low-compleity implementatiorfor high-

speedapplications.
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1 Intr oduction

Fifty yearsafter Claude Shannoncomputedthe capacity
limit of memorylesshannelswe have finally constructed
practicalcoding schemeghat performcloseto the capac-
ity limit. The breakthroughof turbo andlow densitypar
ity check(LDPC) coded1] [2] have revitalizedthe coding
researchby introducingnen conceptsandtechniquedike
code graph, randominterleaving and iterative decoding.
Numeroussimulationshave demonstratetheirremarkable
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performancewithin a fraction of a dB from the Shannon
limit on additive white Gaussiamoise (AWGN) channels
for fairly large block sizes. However, it is fair to saythat

for full deploymentin commerciabystemscompleity and

implementationissuegemainto beaddressed.

The major criticism of turbo codeshave beenits
high decodingcomplexity where eachdecodingiteration
of turbo codesinvolvestwo a posteriori probability (APP)
decodingunits matchedto the componentconvolutional
codes.An APP decodemusuallyimplementshe BCIRal-
gorithm,which is about4 timesascomplex asthe Viterbi
algorithmfor the sametrellis code.

For LDPC codesalthoughboththe encodingandthe
decodingcanbe madelinear (or nearlinear) in the block
length [3], hardware implementationhas not beeneasy
due to their randomstructure. In his original proposal,
Gallagerdefined LDPC codesas a classof block codes
which userandom,sparseparity checkmatricesH to de-
notetherelationsbetweercodebits andparity-checksums
[1]. Although researchwork hasindicatedthat (properly
constrainedjandomnesis importantfor nearcapacityper
formance codeswith structureandregularity arefar from
beingabandoned.In additionto the randomconstruction
of LDPC codes(i.e. to randomlyallocatebits in the par
ity checkmatrix subjectto certainconstraints)lik e bit fill-
ing and/oroptimizationof bit/checkdegreeprofilesusing
densityevolution, systematicconstructionsare also being
proposedwhich include the approache$rom combinato-
rial designs[5] [6] [8], finite geometried7], Ramanujan
graph[9] and lattice designg[8]. It hasbeenshawn that
in somecasegespeciallyfor shortblock sizesand/orhigh
coderates,like thoseusedfor digital recordingsystems),
structuredLDPC codesmight be more advantageoushan
randomLDPC codeswith comparableperformanceand
with moreimplementablestructure[6] [5] [7].

In generalan LDPC codeis representedsingeither
a parity checkmatrix H or its correspondindannergraph
whichis abipartitegraphusinghbit nodesandcheck nodes
to representhe columnsandtherows of the H matrixand
usinginter-connectingedges to representhe relationsbe-
tweenbitsandchecks Major parameterfor anLDPCcode
includethe columnweight (or the bit nodedegree)~, the



row weight (or the checknodedegree)p 1, andthe girth

(definedas the length of the shortestcycle in the Tanner
graph). An LDPC codeis saidto be (v, p)-regular if all

columnshave weight v andall rows have weight p. The
girth is importantto LDPC codesbecauséhe existing de-
coderis aniterative message-passirdgcoderwhoseeffi-

cieng is adwerselyaffectedby the existenceof shortcy-

cles.

In this work, we introducea classof high-rate,well-
structuredLDPC codesfrom (2p, p?, p,2,{0,1}) combi-
natorialdesigns A key merit of consideringcombinatorial
designsfor LDPC codes,in additionto their regular and
thuseasily-implementablstructurejs thatthey arefree of
length-4cycles[4] [6] [5] [8]. In fact,for the specificclass
studiedin thiswork, length-6cyclesarealsosystematically
avoided. Furthermoretheproposed.DPC codesarequasi-
cyclic and have low uniform column weight of only 2,
which considerablysimplifiesthe encoding/decodingro-
cess(recallthatthe decodingcomplexity perbit is propor
tional to the averagecolumnweight). The proposectodes
arerich in high rate (andshortblock size)region. We dis-
cussthe propertiesof this classof codesnot only from the
viewpointsof LDPC codes put alsofrom thatof theirreg-
ularrepeataccumulatélRA) codeq14] andturboproduct
codes(TPC)[15] to facilitate the understanding Further
we examinethe distancespectrumof the proposed_.DPC
codesandcompareit to the Gallagers original ensemble.
We shaw thatthe proposedstructured_DPC codesarebet-
ter than the ensembleaverageof randomcodesfrom the
maximumlikelihood (ML) perspectie (i.e. assumingan
optimaldecodeiis used).

We thenmove on to evaluatethe performanceof this
classof regular LDPC codeson inter-symbolinterference
(ISl) channels.Inter-symbolinterferencechannelsare an
importantchannelmodel,commonin both wirelesscom-
municationsand digital datarecordingsystems. Thereis
currently greatdeal of interestin usingthe concatenation
of an LDPC codewith an ISI channel(seefor example
[10]-[13] andthe referencegherein). A detector/decoder
of suchsystemaypically comprisesf two parts: a detec-
tor/decodematchedto the (inner) ISI channel,anda de-
codermatchedo the (outer) LDPC code. Inspiredby the
ideasand practiceof serialturbo codes,currentresearch
trendshave focusedon joint detection/decodingf thetwo
devicesin an iterative fashionto achieve additionalcod-
ing gains. This is known asturbo equalizationor iterative
decodingandequalization(IDE). To maximizethe coding
gainswe alsoexplorebinaryprecodingn conjunctionwith
IDE in this study We usepartialresponselasslV (PR4)
family channelsasan example,anddemonstratéow i.i.d.
capacitycan be computedto facilitate the choice of the
precoder Simulationresultsshowv that4-5 dB gainscan
be achieved over uncoded S| systemqusinga maximum
likelihood sequencaletector(MLSD) suchasthe Viterbi

IForirregularLDPC codesvhichdo notconstrairuniformrow or col-
umnweights,degreeprofiles, p(i) and~(z), areusuallyusedto describe
thedistributionsof row weightsandcolumnweights.

detector). We obsene that ISI systemsusing our combi-
natorially designedLDPC codesoutperform(slightly but

noticeably)thoseusingrandomlyconstructed DPC codes
(which have columnweight 3 andwhich aremanuallyre-

moved of length-4cycles). Unlike randomcodes the pro-

posedcodesare well-structuredand, hence,lend a low-

complity implementationfor high code rate and high

speedapplications.

The restof the paperis organizedas follows. Sec-
tion 1l presentghe preliminary of combinatorialdesigns
followed by the discussionand analysisof the proposed
(2p, P2, p,2,{0,1})-designedLDPC codes. Sectionlll
discussesheir applicationon (binary precoded)SI chan-
nels. SectionlV reportssimulationresultsand SectionV
concludeghe paper

2 Combinatorial Designsfor LDPC Codes

2.1 Preliminary

Borrowing termsfrom [6], we presenterethe definitions
and some propertiesof combinatorialdesignwhich are
usedin thework.

Definition : (Combinatorialdesign)

[1] A combinatorial design is anarrangemendf asetof m
points into n subsetsgalled blocks, which satisfy certain
regularity constraints.

[2] The incidence matrix of a combinatorialdesigngives
the (0,1)-matrix (of dimensionalityn x m) which hasa
row for eachpoint v anda columnfor eachblock B, and
(v, B) = 1iff pointw is incidentwith block B.

[3] The covalency A, ., Of two pointsv; and v, is the
numberof blocksthatcontainboth of them.

[4] A designis saidto beregular if the numberof points
containedn eachblock (denotedas~) is thesaméor every
block andthe numberof blockseachpointis incidentwith
(denotedasp) is thesamefor every point.

[5] A designis saidto be balanced if the covaleng Ay, .,
of thepointpair (v1, v2) is thesamefor all pairs. A regular
and balanceddesigncan be denotedas a (m, n, p, v, A)-
designwheremp = n-~.

It follows from the above definitionsthata combina-
torial designwith favorableconstraintcandefinea binary
LDPC code,wherethe transposef the incidencematrix
cansene asthe parity checkmatrix H. Apparently a point
in a combinatorialdesigncorrespond$o a check nodein
theTannergraphor arow in H, ablock correspondso abit
nodeor acolumnin H. The H matrix hasm rows/checks,
n columns/bits(the codavord length), with row weight p
andcolumnweight~. Covaleny A\ < 2 guaranteetheab-
senceof length-4cyclesin the Tannergraph. Furthernote
thatall the rows/checkf the resulting # may not bein-
dependenand, hence,the actualrate of the LDPC code



depend®ntherankof the H matrix

rank(H)
n

R=1- <1-

" (@)
n

An exampleis shovn in Fig. 1, wherem = & points
are groupedin n = 16 blockswith eachpoint incident
with 4 blocks and eachblock containing?2 points, such
thatB1 = (’Ul,vg), By = (1}1,’04), -+, B1g = (’U7,’Ug).
Fig. 1(a)shavsthecombinatoriadesign(wherealine con-
necting2 pointsis usedto denotea groupcontainingtwo
points),(b) shavs the parity checkmatrix H of the result-
ing LDPC code,and (c) shows the correspondingranner
graph.lt canbeeasilyverifiedthatthiscombinatoriagraph
hascovaleny A = {0, 1} for all pairsof pointsand,hence,
is free of length-4cycles. In fact,ascanbe seenfrom the
Tannergraph(Fig. 1(c)), this combinatoriadesignhasalso
eliminatedlength-6¢cycles.

Somepopularclassesof combinatorialdesignsthat
have alreadybeenstudiedfor generating DPC codesare
Seiner systems or (m, n, p, v, 1)-designg4] andKirkman
triple systems (KTS) or (m, n, p, 3, {0, 1})-designswhich
are resohable Steinertriple systems(STS) [6] [5] [8].
Otherdesignsfrom lattice [8] and Ramanujargraphs[9]
are also proposed. Thesesystematically-designedDPC
codessharethe samedesirablepropertiesof simplicity
in constructionand regularity in code structure. Some
of thesecodeshave also beenevaluatedfor useon ISl
channelswhere simulationshave shavn that 3 dB gains
over uncodedsystemsaregenerallyachievable. Below we
presentanew classof LDPC codesfrom combinatoriade-
sign which is structurallymuch simplerand more imple-
mentablethan a randomLDPC code, and whoseperfor
manceon ISI channelsare(slightly) betterthananaverage
randomLDPC code.

2.2 LDPC Codes from (m,n,p,2,{0,1})-
Design

Recall that the previous combinatorialdesignsof LDPC
codeshave primarily focusedon triple systemsJike STS
and KTS. This is probably becausethat in his original
work, Gallagerprovedthatthe averageminimumdistance
of theensembleof (v, p)-regularLDPC codewill increase
linearly in theblock size,solong ascolumnweight~y > 3.
In this work, however, we presenta designwith v = 2 and
evaluateits performancen ISI channelsTo ensureheab-
senceof length-4cycles,we have constrained\ = {0, 1}.
Themotivationof choosingy = 2 is two-folded. First, the
decodingcomplexity is proportionalto the (average)col-
umn weight and, hence,low columnweight leadsto low
decodingcompleity (reducingcolumnweight from 3 to
2 saves 1/3 of the decodingeffort!). Secondwhile most
of the LDPC codesstudiedhave columnweightaround3
or 4, it doesnot follow that performancewill be inferior
beyond this region, see,for example, linear time encod-
able LDPC codes(whose averagecolumn weight < 3)

[16] and EG- and PG-LDPC codes(whoseaveragecol-
umn weight >> 4) [7]. The point hereis that the rela-
tion betweerthe weightandthe performanceof an LDPC
codeis multi-facetedandneedgo bejudgedcaseby case.
In the proposedconstruction,by choosinga low column
weightof only 2, we have reducedhe possibility of creat-
ing (short)cycleswhichareundesirabldor iterative proba-
bilistic decoding(andaremoresofor high-ratecodes).On
the other hand, this raisesa concernfor insufficient con-
straints,sinceeachbit participatesn only 2 checks. We
notethatalthoughthe performanceof the proposed_.DPC
codesaresslightly worsethanthoseproposedby MacKay
[2] on AWGN channelsthe LDPC codesproposedn this
work shav advantageébothin performancendin complex-
ity for ISI channelgwith properbinary precoding). This
is primarily becauseaswe mentionedabove, throughthe
useof iterative decodingandequalizationthe overall per
formanceis not shapedby the outer code (i.e. LDPC)
alone,but ratherby eachandevery componenin the sys-
temwhich hopefullyinteractswith andcomplement®ach
otherin harmory. Theterm“in harmory” is usedvaguely
here,andits sufficient conditionsare hard to define, but
at leastone necessaryondition, that the outercodehave
a minimum distance> 3 (in orderto assureinterleaving
gain),is generouslsatisfiedin the proposedesign(since
thegirth of the proposedcodess at least8).

Theconstructionwe presents asfollows. For asetof
pointscontainingeven numberof points,denotedasV =
{vi,v9,--,v251,v2,} (p is aninteger), a block B will
containa pair of points,(v;, v;), from V- where

i:(j—|—/<:)m0(12p, Vk:1,3,5’...2[g'|71. 2)

The exampleof p = 4 is shawvn in Fig. 1. As men-
tioned before, this (m, n, p, 2, {0, 1})-designresultsin a
(2, p)-regularLDPC code.We have:

Lemma 1: The (2, p)-regular LDPC codesbasedon the
proposedm, n, p, 2, {0, 1})-design(see(2)) have the fol-
lowing properties:

1. It existsfor all evenintegerm, suchthatthe codevord
sizeisn = (m/2)>.

2. The H matrix derived from the design presentsa
guasi-gclic LDPC code thatis, shiftingavalid code-
word leftward or rightward by m /2 bits producesan-
other valid codevord. However, they are not M-
sequencesincethe codavord lengthn is a multiple
of m/2.

3. TheresultingLDPC codesarelinear time encodable
andlineartime decodable.

4. TheresultingLDPC codesaresystematicodes.
5. Thegirth of the Tannergraphis 8.

6. Therankof the H matrixis (m — 1) and,hencethe
codevordrateis R = (1 — 2/m)? = (1 — 1/y/n)%.



(b)

@ v1111100000000000Q
vi v2 v3|/000011110000000Q
v5|000000001111000
v8 v3 v7/000000000000111
v2/100010001000100Q
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v3/0110000 000001100v
v4/0011000 100000010w
v5/0001100 0001000013
v6/0000110 010001000,
v7/0000011 000010010
v8l0000001 001000101

1/ (1+D)

Figure 1. (a) (m,n,p,2,{0,1}) Combinatorialdesign,
wherep = 4, m = 2p = 8, andn = p? = 16; (b) H ma-
trix of theresultingLDPC code;(c) Correspondind@anner
graph;(d) A form of lineartime encodabld_DPC codes;
(e) A form of turboproductcodes.

7. Thisclassof codescanbespecifiedusingonly onepa-
rameterp, thatis, thedesignis a (2p, p?, p, 2, {0, 1})-
designandtheLDPC codeis (2, p)-regularwith code
lengthn = p? andrate R = (1 — 1/p)>.

The above propertiescan be corveniently verified.
Herearesomecomments.

Propertyl assuresherichnesof this designascom-
paredo someothercombinatoriabesigns Specifically we
have demonstratethe available codechoicesfit for mag-
netic recordingapplications(rate > 0.85 and block size
< 4096 bits, a sectorin aharddiskdriver)in Fig. 2.

Property2 eliminateshenecessityto storethegener
ator matrix, sincethe encodingcanbeimplementedvith a
linearshift registerwith feedbackconnectiondasedn its
generatopolynomial.

WhereasLDPC codesare generallylinear time de-
codable,i.e., the decodingcomplexity perbit is only pro-
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Figure 2. Possiblechoicesof codesfor usein magnetic
recordingsystems(R > 0.85 and N < 4096)

Tablel. Thecoderateandcodelengthof shortblock and
highrateLDPC codesrom (2p, p?, p, 2, {0, 1})-design

p | 13 14 5 ... 62 63 64
R | .852 .862 .871 968 .969 .969
n | 169 196 225 3844 3969 4096

portionalto the averagecolumnweight (andthe numberof

iterations) lineartime encodabilitydoesnot comefor free

for mostof therandomconstruction$3]. For the proposed
constructionjineartime encodabilityof Property3 canbe

directly inferredfrom Property2, andwe will getbackto

this later aswe interpretthis classof LDPC codesin the

form of irregularrepeataccumulateodeg14].

Although almost all LDPC codes are systematic,
Property4 will becomemoreintuitive aswe laterinterpret
it in theform of turboproductcodes.

Property5 guaranteea minimumdistanceof atleast
4,which,asmentionedabove,ensuresheinterleaving gain
whenseriallyconcatenatedith arecursveinnercodeor a
(precoded)SI channel.

Property6 shovsthatthe proposedodegendto bea
classof highratecodeswhichareintrinsicallyfitful for ap-
plicationslik e high-densitydigital datarecordingsystems.
Tah 1 presents list of ratesandlengthsof somehigh rate
andshortblock LDPC codesresultingfrom the above de-
sign.

2.3 Alter native Viewpoints

As mentionedefore in additionto the perspectiesof reg-
ularLDPC codestheproposed?2p, p?, p, 2, {0, 1})-design
canalsobeinterpretedasa form of irregular repeataccu-
mulate codes[14] and turbo productcodes[15]. Before
we provide alternatve viewpoints, we note that even dis-
regardingthe quasi-gclic property this classof codesare
lineartime encodableln fact,we have:



Lemma 2: For anLDPC codespecifiedby anm x n par
ity checkmatrix H, if thereare at least(m-1) weight-2
columnsin H which do notcompletea cycle amongthem,
then encodingcan be performedin linear time using the
parity checkmatrix H.

The proof is quite simple. In fact, if there are at
least(m — 1) weight-2 columnsin H amongwhich there
is no cycle, thenwe can reorderthe rows and columns
of the H matrix suchthat the submatrixformedby these
(m—1) columnsarelowertriangular An exampleis shovn
in Fig. 1(d) which is a reorderof the sameH matrix in
Fig. 1(b). Apparentlythis becomesa form of linear time
encodabld DPC codeswhich wereinitially presentedn
[16]. Furthermoreacloserobsenationof Fig. 1(d) reveals
thatit is alsoa form of irregular repeataccumulatecodes
proposedn [14]. Thelower triangularpart(left) of the H
matrix doesnothingbut playsthe role of an accumulator
1/(1 @ D), andthe other part (right) functionsto repeat
andform checksof the databits. In otherwords, this H
matrix definesan encodingprocedurewherebits arefirst
repeatedand formedchecks(in anirregular fashion),and
thenthe parity sequencés passedhroughanaccumulatar
This is exactly whata systematidRA codedoes,andthis
(again)confirmsthelineartime encodabilityof the code.

It is quite interestingthat this sameclassof LDPC
codescanalsobe viewed as a specialtype of turbo prod-
uct codes(or block turbo codes(BTC)) [15]. Turbo prod-
uct codesare typically describedas arraysof codevords
from systematidinearblock codesconcatenateth amulti-
dimensionalform. As can be seenfrom the examplein
Fig. 1(e),theparity checkmatrix H hasanequialentform
of a2-dimensionaturboproductcodewhereeachrow and
eachcolumnsatisfya single-paritycheck.This reflectsthe
regularityin thestructureof theproposeadombinatoriable-
sign.

2.4 DistanceSpectrum Analysis

In his original construction[1], Gallagerspecifieda class
of (v, p)-regular LDPC codeswhosem x n parity check
matrix H canbe split into v submatriceof dimensional-
ity % x n each,with eachsubmatrixof columnweight
1 androw weight p (denotesucha submatrixas H; ,)).
Gallagerusedthe ensembleof this classof codesto de-
rive mary useful analyticalresults. It canbe seenfrom
Fig. 1(b) that the quasi-gclic (2, p)-regular LDPC codes
constructedrom the proposed 2p, p?, p, 2, {0, 1})-design
actuallyfalls into this specialclassof Gallagercodes(call
it “Gallagerensemble”for the caseof v = 2.

For Gallagerensemblecodeswith randomconstruc-
tion, the expectation(or the average)of the outputweight
enumeratorfunction (OWEF) canbe derived fairly easily
[1]. ConsideringGallagerensemblef (v, p)-regularcodes
with codelengthn, the parity checkmatrix, H,, ,, con-
stitutesof v submatricesH, ), eachof which hasoutput

weightenumeratofunction

A (w) = Bw)x Bw) ---% Bw),  (3)

p

wherex denotesonvolution operatiorand

{0 T W

TheaverageOWEF of (v, p)-regularGallagerensem-
bleis thusgivenby

y—1
gallager - A(Lp)
AGwy (W) =Aqa, - ™) )

w

If we substitutey = 2, we could computethe av-
eragedistancespectrumof (2, p)-regular Gallagerensem-
ble (random)LDPC codesfrom the coeficientsof (5). We
mentionedhatthe proposed.DPC codesrom combinato-
rial designform asubsebf GallagerensembleTo bemore
precise,the proposed(2p, p?, p, 2, {0, 1})-designleadsto
a deterministic(2, p)-regular LDPC codewhich is anin-
stancan Gallagerensembléf therelevantorderof thebits
in thecodevordis ignored.In fact,the exactoutputweight
enumeratofunction of the proposed2p, p?, p, 2, {0, 1})-
designcanbederivedfrom theperspectie of turboproduct
codeq17]

p

TOpose 1 P 2
AZ()QHDZ; d(w) = E Z (a> Z P(ﬁaaap)wﬁ )

a=0 B=0,
B even

(6)

where

Pean =Y () (70

k=0

In Tah 2, we comparethe output weight enumera-
tors, A,,, of the Gallagerensemblg2, p)-regular (random)
LDPC codes(see(5)) andthe proposedcombinatorialde-
signed (2, p)-regular (structured)LDPC codes(see (6)).
For the purposeof clarity, we representhe numbersn log-
arithmic scale. It is obvious that the proposedstructured
LDPC codesare betterthanthe ensembleaverageof ran-
dom codes,with fewer codevords at the low weight end
of the distancespectrum.Put anothemway, even with this
rigidly constrainedtructuretheproposed.DPC codesare
above averagefrom the maximumlik elihood perspectie
(with optimaldecoding).

3 Application on ISI Channels

3.1 SystemDescription

We evaluatethe proposed_DPC codeson inter-symbolin-
terferencechannels.A block diagramof the LDPC-coded



Table2. Comparinghe OutputWeightEnumeratoof Gal-
lagerEnsemblgRandom)LDPC Codesandthe Proposed
(Structured)CombinatorialDesigned.DPC Codes(p=16,
n=256,LogarithmScale)

Outputweight | Gallager  Proposed
w logio(Aw) logio(Aw)
2 2.0529 -

4 4.2471 4.1584

6 6.4509 6.2745

8 8.6383 8.5254

10 10.7988 10.7074
12 12.9265 12.8570
14 15.0175 14.9651
16 17.0689 17.0300
18 19.0781 19.0500
20 21.0431 21.0232
22 22.9620 22.9483
24 24.8333 24.8242
26 26.6558 26.6499
28 28.4286 28.4249
30 30.1510 30.1488

ISI channeland a matchingiterative decoder/equalizeis
shawvn in Fig. 3. The ISI channelin the presenceof ad-
ditive white Gaussiamoiseis interpretedasarate-1,non-
lineartrellis codewith binary input andreal-value output.
We insertarandominterleaverin-betweerthe LDPC code
andthe PRchannelwheretheinterlearer sizeis aninteger
multiple of the LDPC codevord length. As shavn in the
block diagram,datasequencés first encodeddy the outer
LDPCcode thenpassednto arandominterlearerfollowed
by a precoder(if it exists), and then BPSK modulated
(1 — 41,0 — —1) beforefinally being put ontothe ISI
channel.For theinner code(i.e. the (precoded)SI chan-
nel),aMAP decodeimplementingthe BCJRalgorithmis
used andfor theouterLDPC code themessage-passiradr
gorithmis used.Overall, a soft-in soft-out(SISO)iterative
decoding/equalizatiois exploitedto jointly detectandde-
codethe system.Theturbo principle,which is aniterative
a posteriori probability estimation/detectiomvith succes-
sively refineda priori information, is strictly followed to
helpthe iterative procesgo approximatehe optimal solu-
tion. During eachiterationof the messagdéow, out-bound
information (i.e. the extrinsic information) from a local
processofeithertheinnerdecoderor the outerdecoder)s
constrainedo have the leastcorrelationwith thein-bound
information(i.e. thea priori information)to this processar

3.2 Binary Precodingandi.i.d. Capacity

That a binary precoderhasa directimpacton the perfor
manceandthecorvergenceof theiterative proces®f coded
ISI channelsis no longer news. Several analyticaltools

2| LDPC |+ [~ Precode Ch?n)nel
H

Outer Code

~—| LDPC Decoder]| I'I-l ~- APP Detector

(BCJR Alg) ‘—‘
n

Figure3. Systenmodelfor LDPC-coded®RML channels.

have beenusedto facilitatethe choiceof the bestprecoder
like the thresholdcomputedusing density evolution [12]

andthe extrinsic informationtransfer(EXIT) chart[18]. In

thiswork, we computd.i.d. capacityto facilitatethechoice
of precodefrfor codedISI channels.

l.i.d. capacityis a usefultool to evaluatethe asymp-
totic performancegiven an infinite block/interleaer size
andperfectinterleasing. For a given coderate R, the pro-
posedLDPC codehasfixed codelengthof n = 1/(1 —
VR)2. The perfectinterleaver which is of infinite length
will scrambleinfinite numberof blocks of LDPC code-
wordsand,hencealthougheachcodevord alwayshasgirth
8, the overall scrambledcodedbits (from infinite blocks
of codevords)will appearcycle-freeor mutually indepen-
dent. This validatesthe applicationof i.i.d. capacityto the
aforementionedystem.

To computei.i.d. capacity we needto evaluatelog-
likelihood ratio (LLR) information asit evolves through
the decoder/detectoEach(sub-)decodetransformsnput
LLRsto outputLLRs whereLLRs areassumedo follow a
Gaussiardistribution thatis governedby a single parame-
ter, 11, themeanvalueof the LLRs:

[ — dp)?
1) = =cap (—( — )=N(u,2u>, ®)

where d = =1 is BPSK modulatedsignal put onto
the channel. In the initial iteration, the inner chan-
nel decoder/detectotakes the LLRs from the ISI chan-
nel with meanvalue ., = 4R/Ny, thatis, f(g‘:h) ~
N (4dR/Ny,8R/Ny), whereR is the coderateand Ny is
theone-sidecower spectradensityof the Gaussiamoise.
In subsequemuns,theinnerdecodettakesthe LLRs from
theouterdecodeandvice versa.

For (inner)ISI channelsAPP decoder/detectdrased
on the BCJR algorithmis usedto examinethe message
flow, andfor (outer)LDPC codesthemassage-passirug-
coderis used.Thei.i.d. capacityof the systemis the max-
imum of the mutualinformationbetweeninput andoutput
LLRs:

oo (Idpc)
1= 33 [ n, 21 ye)

2 ¢ h
2 4= £l )+ 14 ()



i.i.d. capacity for (2,0)-regular LDPC codes on EPR4 channels

—%—  1/(1+D)
—8—  1@1+D)
—A—  1/(1+D+D?)
—O—  1/(1+D*D%)

4.4r

4.2 ; ;
0.85 0.9 0.95 1
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Figure4. Li.d. capacityof (2p, 0%, p, 2, {0,1})-designed
LDPC codeson PRML channelswith differentprecoding.

- / £ () - logy(1+e ")y, (10)

whered = +1, f™(n) and % () are the pdf's
of the input LLRs (from the ISI channel)to the sys-
tem and the output LLRs from the LDPC code after
joint decoding/detectionrespectiely. The secondequa-
tion holds becauseboth the symmetry condition [19],
f-1(m) = fy1(—n), and the consisteng condition,
fa(n) = fa(—n)edn, aresatisfiedor LLRs (from thechan-
nelandLDPC code)in messag@assing.

As an example, we computethe i.i.d. capacityof
theproposed?2, p)-LDPC codeson EPR4channelgwhose
channefesponsés H (D) = 0.5+0.5D —0.5D%—0.5D?)
to evaluateseveral binary precoders. It is obvious from
Fig. 4 that1/(1 ® D ® D?) and1/(1 ® D* @& D3) are
worseprecodershanl/(1 @ D) and1/(1 @ D?). We note
that althoughthe latter two demonstratealmostidentical
i.i.d. capacitywhich implies the sameasymptoticperfor
mancessimulationswith shortblock sizesandfinite com-
plexity revealamaginal betterperformancef 1/(1® D?)
overl/(1®D). It is neverthelessair to saythati.i.d capac-
ity providesa corvenientmeango evaluateaprecoderand
thatsimilartreatmentanbeusedfor anarbitrarylSI chan-
nel to evaluatean arbitrary outer codeand/oran arbitrary
precoder

4 Results

We report in this section the computer simulated per
formance of the proposedregular LDPC codes from
(2p, P2, p,2,{0, 1})-designson ISI channels. Two high
coderatesof R = 0.88 and 0.94, andthree interleaver
sizes of 1024, 2048 and 4096 bits are considered,re-
spectvely. The channelswe investigatehave responses
H(D) = 0.7071 — 0.7071D (known as PR4 channel),
H(D) = 0.5+ 0.5D — 0.5D? — 0.5D% (EPR4channel)

BER

10 ¢

PR4, intlv=1024
PR4, intlv=2048
PR4, intlv=4096
EPR4, intlv=1024
EPR4, intlv=2048
EPR4, intlv=4096
EEPRA4, intlv=2048
EEPR4, intlv=4096

10

Friostat

-6 L L L L L
35 4 45 5 55 6 6.5
Eb/No (dB)

10

Figure5. BER performancef rate0.88LDPC codesfrom
combinatorialdesignson ISI channels. PR4, EPR4 and
E2PR4 channelmodel. Interleaver size 1024, 2048 and
4096bits.

andH (D) = 0.3162+ 0.6325D — 0.6325D3 — 0.3162D*
(E2PR4channel)respectiely. Unlessotherwisestated all
curvesshawn areafter8 turboiterations.

Fig. 5 plots the bit error rate (BER) curves of rate
0.88(32, 256, 16, 2, {0, 1})-desigredLDPC codeson PR4,
EPR4,andE*PR4channelsith precoder /(1@ D?). Al-
thoughnotshowvn here for uncodedsystemwith MLSD to
reachBER of 1072, it requiresabout10.25dB for PR4,
10.5dB for EPR4,and 10.8 dB for E2PR4 channels fe-
spectvely. Hence,4-5 dB gainsare achiesed with these
high-rate,low-complexity LDPC codesof relatively short
block sizes.Further interleaving gain phenomenoiis also
obsened. By increasingheinterleaversizefrom 1K to 4K,
additional0.5dB gainis obtained.

Fig. 6 shavs the BER performanceof a rate 0.88
anda rate 0.94 LDPC codesfrom (32, 256, 16,2, {0, 1})-
design and (64,1024, 32,2, {0,1})-design respectiely
(solid lines). For comparisorpurposethe performanceof
atypical LDPC codefrom the randomconstructionwhich
hascolumnweight3 andwhich is removedof length-4cy-
clesis also plotted (dashedinesyf. We seethat the pro-
posedstructured_DPC codesactuallyoutperform(slightly
but noticeably)therandomLDPC code,in additionto sim-
plerandmoreimplementablestructure!

5 Conclusion

We presenin thiswork a classof high-rate regularLDPC
codesfrom combinatorial(2p, p2, p, 2, {0, 1})-design. As
opposedto the prevalent practice of random(-like) con-

2The PR channelis not precodedfor randomLDPC codes. This is
becausgherandomLDPC codesinvestigatecherehave prettylarge min-
imum distanceswhich perform betterwithout precodingthan precoded
(about0.5 dB difference).Hence the comparisorhereis fair, for it com-
paresthebestcasesn bothcodes.



Structured and random LDPC codes
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Figure6. Performanceomparisorof combinatoriallyde-
signedLDPC codesandrandomLDPC codeson ISI chan-
nels. Proposed.DPC codesare (2, 16)-regular with rate
0.88 and (2, 32)-regular with rate 0.94. RandomLDPC
codeshave uniform columnweight of 3 andconcentrated
row weight,andhave no length-4cycles.

struction, our systematicapproachresultsin codesthat
arevery well-definedandbalancedn structureandhence,
unlike randomcodes,can lend themseles to very low-

complity implementationfor high speedapplications.
Analysis of codedistancespectrumand evaluationof the
performanceon ISI channelgeveal encouragingvidence
for deployment of the proposedcodesin future high-

densitydigital datarecordingdevicesandhigh-speedvire-

lesscommunicatiorsystems.
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