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Abstract: The design of bandwidth efficient codes
using low density parity check codes (LDPC) is stud-
ied. DBit interleaved coded modulation using LDPC
codes and multilevel coding using LDPC' codes are
considered. An iterative decoding strategy which in-
cludes soft-decision feedback between the lower and
higher levels in a multilevel coding scheme is pro-
posed. Some practical considerations in designing
LDPC codes with multilevel coding are addressed and,
finally, the bit error rate performance and decoding
complezxity of the proposed coding techniques are com-
pared with those of turbo trellis coded modulation tech-
niques.
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1. Introduction

Since the introduction of trellis coded modulation
(TCM) by Ungerboeck and multilevel coded (MLC)
modulation by Imai and Hirakawa, bandwidth ef-
ficient coding has been an area of active research.
Soon after the discovery of turbo codes, novel ap-
proaches have been undertaken to construct band-
width efficient Turbo coding schemes which has re-
sulted in Turbo trellis coded modulation (Turbo-TCM)
[1] and parallel concatenated trellis coded modula-
tion (PC-TCM) [2]. Multilevel coding schemes with
Turbo codes as component codes have also been stud-
ied (see [3] for references). All these codes have per-
formance remarkably close to the capacity, but the
complexity is also significantly high.

Recently, there has been revised enthusiasm in
low density parity check codes (LDPC codes or Gal-
lager codes) which was first proposed by Gallager
in 1962 [4]. Various investigations have shown that
LDPC codes perform close to, if not as good as,
Turbo codes, yet with possibly lesser complexity. A
natural desire immediately arises to improve its band-
width efficiency, which is the focus of this paper. We
consider bit interleaved coded modulation (BICM)
and a multilevel coded structure employing LDPC
codes as component codes and compare their perfor-
mance to turbo TCM. Further, we introduce an iter-
ative multi-stage decoding algorithm which proves to
be efficient for multilevel coding schemes. Simulation

results show that MLC with LDPC codes performs
close to that of turbo TCM, but with lesser complex-

ity.

2. Background

2.1. LDPC Codes

A low deunsity parity check (LDPC) code is a lin-
ear block code specified by a very sparse parity check
matrix. The parity check matrix H of a (N, K,t)
LDPC code of rate R = K/N is a N — K x N matrix,
which has ¢ ones in each column and j > ¢ ones in
each row. Apart from these constraints, the ones are
placed at random in the parity check matrix. How-
ever, in practice, in order to avoid low weight code
words, any two columns in the H matrix are not
allowed to overlap in more than one non-zero bit po-
sition and ¢ is > 3. When the number of ones in
every column is the same, the code is known as a
regular LDPC code. When all the columns do not
have same weight, the LDPC code is called irregular
and, such codes are reported to outperform the regu-
lar LDPC codes. The decoding algorithm for LDPC
codes is based on a belief propagation decoder and
is explained in detail in [5].

2.2. Multilevel Coding

A multilevel code is a nested or leveled partition-
ing of signal constellations. An L-level partition is
a partitioning chain, I'g,I'1,---,'r, which can be
viewed as a rooted tree where the root, I'g, is the
constellation itself [3]. In each level of partitioning,
T';/T;11, all points of the set are partitioned into dis-
joint subsets and an address bit x; is used to pick one
of the subsets. A component code C; of appropriate
length and rate is used to protect x; and the decoder
associated with the component code is D;. The de-
sign of the code rates is the key in a ML.C scheme and
is done based on the chain rule of mutual information

I(Y;X07X17"'5XL—1) =

where Y is the received signal. The 74, term of the
right hand side corresponds to an equivalent channel

I(Y;Xo) + I(Y; X1|Xo) + -
(Y5 X1 1| Xo, -+, Xp—2)1)



of level i, over which the address bit x; is transmit-
ted, given that xzg,z1,---,x;_1 are known. Wachs-
mann et al [3] showed that the overall capacity C
can be achieved with a MLC scheme if and only if
the individual rates R; are chosen to be equal to the
capacities of the equivalent channels, i.e., R; = C;.
Multilevel codes can be decoded using a suboptimal
multi-stage decoding (MSD) algorithm which pro-
vides a good trade-off between the error performance
and the decoding complexity. The MSD procedure
starts by decoding the lowest level, and in each sub-
sequent level of decoding, hard decisions from the
previous (lower) level(s) are used to improve the per-
formance at the higher levels.

3. Bandwidth Efficient LDPC Codes

In this section, we discuss a few techniques to
construct bandwidth efficient LDPC by efficiently
combining coding and modulation. For ease of ex-
position, we discuss an example - the design of a 2
bits/s/Hz coding scheme using 8 PSK signal constel-
lation with code length N symbols (equivalently 3N
bits).

3.1. Bit Interleaved Coded
Modulation

Motivated by Caire et al’s [6] result that bit inter-
leaved coded modulation with Gray labeling of signal
points can perform very close to capacity limits, the
first approach was to use a (3N, 2N, 3) LDPC code.
Unlike in the case of convolutional codes, an inter-
leaver is unnecessary in this case, since the LDPC
code inherently makes the adjacent coded bits in-
dependent. Therefore, groups of three bits (37,37 +
1,3i4+2) fori =0,1,2..., N, were mapped to a sym-
bol from the 8-PSK signal using Gray mapping. The
decoder performs iterative demodulation and decod-
ing similar to [7].

3.2. Multi-level Coded Modulation
using LDPC codes

Another approach to constructing bandwidth ef-
ficient LDPC codes is by using LDPC codes as com-
ponent codes in a multilevel coding scheme. The
rates of the codes are derived from the capacities
of the equivalent channels and natural mapping is
used. The ideal rates for achieving an overall rate of
2 b/s/Hz with 8PSK modulation is [3] Ro/R1/R2 =
Cy/C1/C2 = 0.2/0.81/0.99

Although it was shown in [3] that if R; = C;,
suboptimal MSD suffices to achieve capacity, this is
true only if the codes at each of the levels achieves
capacity. For finite lengths, practical codes do not
achieve capacity and, hence, MSD is not optimal and,
hence, the performance of MSD can be significantly

worse than that of the true ML decoder. Clearly,
maximume-likelihood decoding would be impractical
and, hence, we propose an iterative multi-stage de-
coder as an approximation to the true ML decoder.

3.2..1 TIterative Multi-stage Decoding (MSD
with Feedback)

In conventional MSD, hard decisions are passed from
the lower levels to the upper levels only. That is
Dy — Dy — --- — Dr_1. There is no feedback to
decoder Dy nor refinement of the estimates of Dg.
Consequently, any error in any stage of the decod-
ing process is irrevocable and, hence, results in a
frame error. Since practical codes of finite length
always have non-zero error rates, the overall frame
error rate is greater than that of the highest of the
codes in the individual levels. Therefore, we consider
feedback from higher levels to lower levels. It can be
seen that feedback from decoder D; could help the
performance of decoder Dy for an 8-PSK constella-
tion with natural mapping. Although feedback from
D1 to Dy does not change the minimum distance for
the address bit zg, it does enlarge the decision region
and, hence, I(Y;x0) < I(Y; zo|z1).

In order to explain the iterative multi-stage de-
coding process, let (zos, Z14, ..., 7(L—1);) denote the
coded bits in the level 0,1, ..., L —1 that correspond
to the ith symbol. The decoder comprises P stages
of soft output feedback between the decoders Dy, af-
ter () iterations of LDPC decoding at each level [.
The basic idea is to use the soft output produced by
the component decoders Di,...,D;—1,Djt1,.-.,Dr
after (Q iterations as a priori information in the soft
output demodulator that produces estimates of zy;
based on the received signal. For this reason, we
refer to the soft output feedback as iterative demod-
ulation. At level [ if the LDPC code is a (N, Kj)
code, with parity check matrix H', then let Ré- and
C! be two sets such that Ré- ={1i] H]lZ = 1} and
Cl=1{j]| HJll = 1}. The decoding algorithm for a
2L _ary signal constellation with P stages of iterative
demodulation and @ iterations at each level within
one stage is then given in Table 1, where the function
¥ (z) refers to ¥(z) = log(tanh(x/2))

3.3. Practical Issues

The ideal rates for a 8-PSK modulation with nat-
ural mapping for the the three different levels is 0.2
/ 0.81/ 0.99. For small block lengths (a few thou-
sand bits), the construction of an LDPC code with
rate 0.99 with ¢t = 3 is practically impossible. There-
fore, for short block lengths, a lower rate code has
to be used for the highest level. This means using a
higher rate code in the lower levels and, hence, the
design rules cannot be exactly matched always. Fur-



Table 1: Decoding Algorithm
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ther, When the block lengths are small (about 1000
bits), it is quite difficult to construct good LDPC
codes of very high rate. For example, for a block
length of N = 1024, it is quite difficult to construct
good LDPC codes of rate > 0.95. Therefore, we have
used a 4 error correcting Bose Chaudhuri and Hoc-
quenghem (BCH) code for the highest level for block
size of 1024 bits instead of LDPC codes.

At the lowest level, the effective signal to noise
ratio as seen by the code is very low and, hence,
codes that perform well at such low SNRs should
be used. Although it is known that if ¢ > 3, the
resulting LDPC code has good distance spectrum,
at low SNRs, the performance is dominated by the
convergence of the belief propagation decoding algo-
rithm. Consequently, codes that help convergence
should be used. The convergence of the decoding
algorithm depends on the number (and girth) of cy-
cles in the graph of the LDPC code. Since an aver-
age column weight corresponds to lesser probability
of having several cycles, the performance of LDPC
codes with low column weight was considered. Ex-
perimentally, it was found that an average column
weight of approximately 2.3 performed best for bit
error rates in the range of 1075 and, therefore, for
the lowest level LDPC codes with ¢ = 2.3 were used.

Low density parity check codes with very low col-
umn weight have codewords with small Hamming
weight and, hence, the bit error rate (BER) per-

formance of such codes exhibits a BER floor. This
floor is due to a few codewords with small Hamming
weight that cause errors in a few fixed bit positions,
which can be determined. If dummy bits are used
in these bit positions, then the error floor can be re-
duced [8]. We identified a set of few error prone bit
positions through simulations and used dummy bits
in these positions. This set of bit positions has very
few elements and, hence, this does not reduce the
bandwidth efficiency significantly.

4. Decoding Complexity

The total decoding complexity is the sum of the
decoding complexities in each level and the complex-
ity for iterative demodulation. We assume that all
operations of the type log(e® 4+ €*2) is implemented
using max(ay, az) +log(1+e~1%17%l) where the sec-
ond term is implemented using a look-up table. For
decoding of LDPC codes, the function %(a) is im-
plemented using a look up table. For an (N, K)
binary LDPC code with average column weight ¢,
the row operations require 4Nt look ups and 4Nt
adds/subtracts and 4Nt multiplies by +1 (sign op-
erations). The column operations require approxi-
mately 2Nt adds/subtracts. Before we compute the
complexity for iterative demodulation (soft output
feedback), we note that iterative feedback between
all the levels is not required always. For 8PSK mod-
ulation considered here, iterative exchange between
level 1 and level 2 was sufficient. Hence, we compute
complexity of iterative exchange between level 1 and
level 2 only. Iterative demodulation requires 16 N
additions, 8 N max operations, 8 N lookups per up-
date. To get an approximate idea of the complexity,
we treat all the operations as one flop and ignore the
complexity in sign operations (multiply by +1). As-
suming that the number of iterations at the /th level
is Q; (rather than being fixed at @), the total number
of operations per information bit for 2 b/s/Hz 8PSK
scheme is given by (}°, 10Nt,Q; + 2 x 32N)P

In all the simulations, iterative feedback is used
only between levels 1 and 2 and the third level is
decoded once using soft decision feedback from levels
1 and 2. For the levels 1 and 2, (1 and ()2 was set
at 3 and P was set at 30 and, hence, the maximum
number of iterations is 90. However, for medium to
high SNRs, the average number of stages required
was small (about 7).

The complexity of turbo TCM scheme (and paral-
lel concatenated TCM) with 2 states and 2% tran-
sitions per state for a 2% ary signal constellation can

13><2K2M+2K2L+2K+(K71)

be shown to be approximately
The complexity of the turbo TCM scheme of Robert-
son and Worz can be seen to be approximately twice
as complex as the present scheme for 8 state codes
both based on average number of iterations and based
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Figure 1: Performance of BICM, multilevel modula-
tion with LDPC codes and Turbo TCM; N = 1024
symbols

on worst case. The complexity of parallel concate-
nated trellis coded modulation [2] is approximately
twice as that of turbo TCM. Hence, the proposed
method has significant complexity advantage.

5. Simulation Results and Conclusion

Fig 1 shows the performance of multilevel cod-
ing with iterative multistage decoding on an AWGN
channel with 8PSK modulation. The performance
of Robertson and Worz’s turbo TCM and BICM
with iterative demodulation is also shown. It can be
seen that multilevel coding performs within 0.4 dB of
TTCM at high BERs and outperforms turbo TCM
for BERs < 1076, The complexity of the proposed
scheme is significantly lesser than that of the turbo
TCM scheme. Although not compared here, the
performance of parallel concatenated trellis coded
modulation, proposed by Benedetto et al performs
slightly better than the multilevel coded scheme pro-
posed here. However, the complexity of the pro-
posed scheme is significantly lower. In order to show
the performance improvement due to iterative multi-
stage decoding, the performance of multilevel coding
with P = 1,Q1 = Q2 = Q3 = 100 is compared to
that with P = 30,Q1 = Q2 = 30,Q3 = 20 in Fig. 2
for N = 3000 symbols. The first case corresponds to
conventional multistage decoding (however, with soft
decision feedback). The code rates used were 0.2 /
0.82266 / 0.966 and the average column weights were
t1 = 2.3, t2 = 3.1 and t3 = 2.2. It can be seen that
iterative multistage decoding offers improved perfor-
mance. It can also be seen that the performance
of the proposed scheme is within 1 dB of the con-
strained capacity at BER of 10~ which is 2.9 dB for
8PSK modulation. Although not shown there, the
performance of the proposed scheme for N = 2000
was identical that of using 16-state turbo codes as
component codes [3].
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Figure 2: Performance of iterative and conventional
MSD; N = 3000 symbols

We have compared different design methodologies
for constructing bandwidth efficient low density par-
ity check codes. The use of multilevel coding with
iterative multistage decoding is a promising choice
due to its good performance and low decoding com-
plexity.
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